The fourfold degeneracy of the boron acceptor ground state in silicon, which is easily lifted by any symmetry breaking perturbation, allows for a strong inhomogeneous broadening of the boron-related electron paramagnetic resonance (EPR) lines, e.g. by a random distribution of local strains. However, since EPR of boron acceptors in externally unstrained silicon was reported for the first time, neither the line shape nor the magnitude of the residual broadening observed in samples with high crystalline purity were compatible with the low concentrations of carbon and oxygen point defects, being the predominant source of random local strain. Adapting a theoretical model which has been applied to understand the acceptor ground state splitting in the absence of a magnetic field as an effect due to the presence of different silicon isotopes, we show that local fluctuations of the valence band edge due to different isotopic configurations in the vicinity of the boron acceptors can quantitatively account for all inhomogeneous broadening effects in high purity Si with a natural isotope composition. Our calculations show that such an isotopic perturbation also leads to a shift in the g-value of different boron-related resonances, which we could verify in our experiments. Further, our results provide an independent test and verification of the valence band offsets between the different Si isotopes determined in previous works.
I. INTRODUCTION
Electron paramagnetic resonance (EPR) and related techniques like electron nuclear double resonance have contributed extensively to the understanding of substitutional shallow donors in the different allotropes of silicon throughout the last 50 years. [1] [2] [3] [4] [5] [6] [7] On the contrary, EPR had been ineffective for the study of shallow acceptors for a long time. The reason behind this asymmetry lies in the different structure of the respective dopant ground states.
While the electronic ground state of substitutional shallow donors in silicon is s-like and only twofold spin degenerate, shallow acceptors states have p-character and show a fourfold degeneracy. 8 This latter degeneracy can partially be lifted by any symmetry breaking perturbation. Such perturbations, e.g. electric fields or strain, can strongly alter or even dominate the level scheme of acceptor Zeeman energies for external magnetic fields that are typically used for EPR measurements. If the perturbation is not homogeneous across the sample, this can easily lead to an extreme inhomogeneous broadening of the EPR resonances. Therefore, the observation of a boron-related EPR signal had initially only been possible under application of a strong and homogeneous external stress. However, a number of fundamental questions have remained unsolved: (i) Although a random strain distribution that is induced by point defects should lead to a purely Lorentzian broadening of the EPR resonances, the experimentally obtained lines could only be fitted with Voigt profiles, taking into account a significant Gaussian contribution that was found to be independent of the concentrations of C and O. The origin of this additional broadening, which dominates the overall linewidths in samples with small point defect concentrations and which shows a large angular dependence, has essentially remained unclear.
(ii) For the samples of highest crystalline purity, the Lorentzian contribution to the Voigt profiles did not fall below a threshold value of 10 mT which, in the model developed by Neubrand, would correspond to an unreasonably high concentration of point defects. In Ref. 11 , Si interstitials were suggested as a possible explanation for this finding. (iii) For two of the six B-related resonances, a distinct substructure was observed. It was proposed that this structure originates from a dynamic effect, however, the specific mechanism remained unknown.
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Karaiskaij and coworkers proposed in Ref. 13 These fluctuations result from the dependence of the zero-point vibrational energy on the isotope mass in conjunction with the renormalization of the electronic states by electronphonon interaction. 14 In the ensemble average, the resulting two Kramers degenerate levels are shifted by an energy that equals the shift of the valence band edge from 28 Si to nat Si.
However, for different B acceptors, the shift of the different energy levels will undergo slight variations depending on the specific distribution of Si isotopes in the vicinity of the acceptor nucleus.
When a strong external magnetic field is applied, the situation is different, as shown in Fig. 1(b) . Already the Zeeman interaction between the acceptor-bound holes and the external magnetic field leads to a full lifting of the degeneracy of the heavy and light hole states and the energy eigenstates can approximately be classified in the total angular momentum basis |j=3/2, m ∈ {±1/2, ±3/2} , where j and m are the angular momentum and the magnetic quantum number, respectively. For strong enough external magnetic fields, the isotope-induced effects can then be treated as a small perturbation. As schematically shown in Fig. 1(b) , on average this perturbation should lead to an upwards shift of the four Zeeman levels in energy similar to the situation shown in Fig. 1(a) for B=0. The assumption that this picture holds for X-band EPR conditions is motivated by the experimental evidence that the measured electronic g-values of B in nat Si are predominantly determined by the Zeeman interaction in samples with a low concentration of point defects. 10 The isotopic disorder therefore only leads to a comparatively small perturbation that mostly manifests itself in a change of the linewidths and lineshapes of the different boron-related EPR resonances.
To assess the nature and the magnitude of these isotope-induced changes, we implement our theoretical model in the following way: First, we calculate the four Zeeman levels of the acceptor ground state using a k · p envelope function model taking into account all six (2×3) spin-resolved valence bands including the split-off band. The Hamiltonian of the acceptor-bound hole can schematically be written in the form
which was solved on a real-space grid using the NextNano++ code. 16 The first term on the right hand side represents the six-band effective mass Hamiltonian in a discrete real-space basis including the magnetic field B in a non-perturbative and gauge-invariant manner, with B only appearing in phase factors. The second term, where µ B is the Bohr magneton, g 0 is the free electron g-value and the 6×6 spin matricesŜ k =1 3×3 ⊗σ k (kǫ{x, y, z}) are determined by the Pauli matricesσ k , couples the spin to the magnetic field. The impurity nucleus is represented by a negative charge at the center of the simulation domain screened by the bulk silicon dielectric constant of ε Si =11.7. The potential energy of the acceptor hole is given by
where we have included the so-called central cell correction W (r). It phenomenologically corrects for deviations of V (r) from a purely hydrogenic potential close to the impurity nucleus due to changes in the dielectric properties in this spatial region. 17 To account for W (r), we adopt the parametrization (corresponding to m=−3/2, m=−1/2, m=+1/2, and m=+3/2, respectively), as shown in 
Finally, we diagonalize the total HamiltonianĤ tot =Ĥ
4×4
J·B +Ĥ 4×4 iso including the diagonal Zeeman termĤ 4×4 J·B = E i δ ij , with E i being the energy of the i-th Zeeman level determined from the k · p model described above. The isotopic contributionĤ 4×4 iso leads to a mixing of the four Zeeman levels and to an upward shift of the states, as depicted in Fig. 1(b) . The relative alignment of the four resulting states |1 , |2 , |3 , and |4 (cf. Fig. 1(b) ) strongly depends on the specific isotopic configuration in the vicinity of the acceptor nucleus. We have therefore performed the calculation of the isotope shifts as described above for 200,000 different random isotope configurations, taking into account different magnetic fields, isotope compositions, and isotopic perturbation potentials. The resulting statistical distributions of EPR transition energies allow the quantitative comparison with the experimental data presented below.
III. EXPERIMENTAL DETAILS

The
nat Si:B sample studied has a B doping concentration of 10 14 cm −3 , was grown using the float-zone technique, has a rectangular shape and a size of approximately 3 × 3 × 9 mm 3 .
The isotopically purified sample, referred to as 28 Si:B in the text, comes from the neck region of a float-zone crystal and has an enrichment of 99.98 % 28 Si. It is doped with boron to a concentration of 3(±1)×10 14 cm −3 , has a cylindrical shape with a length of 10 mm in [100] direction and a diameter of ≈3 mm.
EPR measurements were performed with a Bruker Elexsys E 500 spectrometer in conjunction with a super-high-Q resonator (ER-4122SHQE) operated at an X-band microwave frequency of ν≈9.4 GHz. During the measurement, the samples were cooled to temperatures of typically 3 K using an Oxford ESR 900 helium-flow cryostat. 
IV. RESULTS AND DISCUSSION
In Fig. 2 In order to see to which extent the properties of boron EPR spectra that have not been understood so far can be explained by the calculated distributions of the transition energies, we directly compare our results with experimental data. The open circles in Fig. 3(a) show a typical EPR spectrum of the ∆m=1 transitions measured on a nat Si sample at B||[001]. The spectrum shows a broad structured line at B=567.2 mT, which is attributed to a superposition of the resonances originating from the |1 ↔|2 and the |3 ↔|4 transitions. 10 Further, we observe a narrower asymmetric resonance at B=621.1 mT, which can be assigned to the |2 ↔|3 transition. 10 The origin of the narrow substructure feature centered at B=570.2 mT and discussed under (iii) in Sec. I is the result of an interplay between spin excitations and spin relaxations in the four level spin system and is the subject of a different publication.
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In Fig. 4(a) , the open circles show the EPR spectrum measured on the same nat Si sample in a magnetic field range where the ∆m=2 resonances are expected. The broad peak observed at B=297.5 mT can be assigned to a superposition of the |1 ↔|3 and |2 ↔|4 resonances. is not related to boron but is due to a background signal of our nat Si sample which is of unknown origin.
The curves (b) in Figs. 3 and 4 show the corresponding spectra that were measured on the 28 Si sample. We observe the same features as in the spectra of the nat Si sample, however, Therefore, we use the line shape of the |2 ↔|3 resonance in 28 Si for a convolution with the statistical distribution of spin packets shown in Fig. 2 in order to obtain simulated line shapes for nat Si that can be compared to the experimental spectra of the ∆m=1 and ∆m=2 resonances in Fig. 3(a) and Fig. 4(a) , respectively. To make a direct comparison of the line shapes easier, the calculated spectra have been shifted rigidly on the magnetic field axis so that they overlap with the experimental data. This shift corrects for the inaccuracy of the absolute g-values obtained from our calculations. However, we only performed a rigid shift of the entire spectrum by a constant field ∆B and the splitting of the ∆m=1 resonances has not been changed. As our model does not yield EPR transition probabilities, the amplitudes of the simulated peaks have manually been adjusted to the measured values.
Neglecting the substructure of the broad transitions caused by dynamic effects, . 21 However, due to their natural abundance of 19.9 % and 80.1 %, respectively, such an effect has to lead to an asymmetric resonance line, which contradicts the highly symmetric line shape of the Brelated resonances observed in 28 Si, and can therefore be excluded. Another effect that in principle has to be considered for the understanding of the line shape is the hyperfine interaction of the acceptor holes with the nuclear spins of the corresponding acceptor nuclei and 29 Si ligands. For 10 B and 11 B, the nuclear spin is 3 and 3/2, respectively. If the acceptor hyperfine splitting could be resolved in our spectra, we would therefore expect a multiplet of lines rather than a twofold splitting of the resonance line that might be invoked to account for the central substructures. We neither observe a resolved hyperfine signature in any of our spectra nor do we need a further source of inhomogeneous broadening for the description of our spectra that could be attributed to unresolved B hyperfine multiplets or a strong superhyperfine interaction with 29 Si ligands. We conclude that the hyperfine coupling strength of B acceptors to their nuclei is much smaller than for the case of shallow donors in Si. This is a result of the p-character of valence band Bloch states, which cancels the strong Fermi contact hyperfine term at the position of the dopant atom due to a vanishing probability amplitude of the acceptor hole at its nucleus. For heavy hole states in III-V semiconductor quantum dots, it has recently been pointed out that the anisotropic dipolar hyperfine coupling strength can amount to up to ≈10 % of the Fermi contact term of electrons. 22 However, it is not necessary to take into account an additional dipolar hyperfine or superhyperfine term for the description of our data.
In Fig. 5(a) , the FWHM of the sum of the transition energy distributions of the outer ∆m=1 transitions (|1 ↔|2 and |3 ↔|4 ) (circles), and the distribution of the |2 ↔|3 transition energies (diamonds) are shown as a function of the degree of isotopic purification.
As an approximation, the ratio between the residual 29 Si and (θ=90 • ). In Fig. 6(a) , the peak-to-peak linewidth of the broad ∆m=1 resonance (|1 ↔|2 In Fig. 6(b) , the theoretical and experimental data obtained for the |2 ↔|3 resonance are shown. Compared to Fig. 6(a) , the anisotropy is inverted. We find a maximum of the linewidth for B||[001] and a minimum for B|| [111] . Again, the experimentally observed linewidth anisotropy for nat Si is very nicely reproduced by our theoretical model. The origin of the relatively large scatter of the experimental data points for θ<30
• is the asymmetry of the |2 ↔|3 resonance shown in Fig. 3(a) . For B||[001], the positive amplitude a (with respect to the zero crossing) on the low-field side of the derivative line is smaller than the negative amplitude b. This asymmetry of the line shape, which results from the mixing of the Zeeman states due to the isotopic perturbation, also leads to a relatively weak and broad negative peak on the high field side, which, for a given noise level, increases the experimental error for the determination of the overall linewidth. In Fig. 6(b) , we find the best agreement between theory and experiment around B||[111], where we observe the smallest linewidths.
As shown in Fig. 7 , also the asymmetry a/b of the |2 ↔|3 resonance line shape has a minimum at this orientation. Triangles show the experimental data, full circles represent the asymmetry that is deduced from the simulated line shapes. With the exception of two data points around θ=70
• , the angular dependence of the line shape anisotropy can also quantitatively be understood from our theoretical model. As mentioned above, the asymmetric broadening of the |2 ↔|3 resonance originates from a mixing of the unperturbed Zeeman states |Ψ i via the off-diagonal matrix elements of the isotopic perturbation Hamiltonian
The difference between the experimental and the theoretical values of the asymmetry factor in the region of θ=70
• could be a result of a slight anisotropy of the linewidth of the single spin packets contributing to the inhomogeneously broadened line, which has not been taken into account for the simulation. The scatter around a/b=1 in Fig. 7 lies within the experimental error bars resulting from the different spectral overlap of the resonance lines for different orientations of the magnetic field.
The calculated distributions of energy splittings in Fig. 2 for 28 Si. In Fig. 8(a |3 ↔|4 resonance is shifted more strongly than the |1 ↔|2 resonance.
In our EPR experiments we observe only one resonance with a g-value that corresponds to an average of the g-values of the two outer ∆m=1 transitions that is weighted according to the equilibrium populations of the different spin states. In Fig. 8(b) , the experimentally and |2 and the states |3 and |4 are equal.
For the ∆m=1 substructure line in nat Si, the best fits to our experimental data is obtained for g 1 =-1.0776 and g 2 =-0.0307. For the inner ∆m=1 resonance, we obtain g 1 =-1.0728 and g 2 =-0.0315. In Ref. 10 , for comparison, g 1 =-1.0740 and g 2 =-0.0307 was determined for the ∆m=1 substructure and g 1 =-1.0676 and g 2 =-0.0317 was measured for the inner ∆m=1
resonance. We find a good agreement of our data with the original reports in particular for g 2 , which determines the angular dependence of the effective g-values. For g 1 , which causes an angle-independent offset of the g-value anisotropy, we obtain slightly lower values. This deviation might result from differences in the calibration of the magnetic field. We have also recalculated the EPR spectrum of the ∆m=1 resonances in nat Si with the reduced ∆E values and the result of this simulation is shown as the dashed line in Fig. 3(a) .
Using the lower band offsets, we obtain a slightly worse agreement with the experimental spectrum on the low-field edge of the broad |1 ↔|2 , |3 ↔|4 resonance, while an equally good or even slightly better agreement is found for the central region and the high field edge of this resonance as well as for the |2 ↔|3 line. In view of the overall agreement with the experimental data and neglecting possible inaccuracies of the wave functions obtained from our calculations, we suggest a slight correction of the valence band offsets between the different Si isotopes to ∆E 29 =0.68 meV and ∆E 29 =1.34 meV. We note that a deviation from the original values by more than 5 % to higher energies and more than 10 % to lower energies would lead to a significant discrepancy between theory and experiment.
V. CONCLUSIONS
We have set up a theoretical model that allows for a quantitative description of the iso- with the samples of highest crystalline purity. Consequently, the 10 mT threshold of the Lorentzian contribution to the line shape (ii) was an artifact that resulted from an inappropriate model of the line shape in the limit of low point defect concentrations. We have found that the perturbation due to the random distribution of the different Si isotopes also leads to a shift in the effective g-values, mainly of the broad ∆m=1 and the ∆m=2 resonances.
We note that this isotope induced shift could in principle be used to control the g-values of a B acceptor by tailoring its isotopic surrounding. This could also be achieved dynamically by placing an acceptor close to an isotopic heterojunction and manipulating its wave function with the help of electric fields. This idea might particularly be of interest for applications e.g. in quantum computation technology, as it could be realized in a completely nuclear spin free environment only using 28 Si and 30 Si isotopes. To give an example, we obtain an average g-value of the broad ∆m=1 resonance of - provides an independent verification of the energy offsets between the valence bands of the different isotopes of silicon.
